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ON NON-ABSOLUTELY CONVEEGBNT, NOT NECESSARILY
CONTINUOUS, INTEGRALS

By W. H. YOUNG.

[Bead June 8th, 1916.—Received June 14th, 1916.]

1. That absolutely convergent integrals taken with respect to discon-
tinuous functions of bounded variation are in general discontinuous func-
tions, namely at the points of discontinuity of the function g(x) with re-
spect to which the integration takes place, is evident. It is clear also that
the extension of these integrals further, so as to embrace the case where
the convergence is not absolute, will not have the effect of removing the
discontinuity of the integral, even if we adopt the postulates formulated
by Harnack, and afterwards investigated by E. H. Moore, supposing,
that is, that these conditions are modified so as to take account of not only
the work of Lebesgue, but also the results of the theory of integration with
respect to discontinuous functions.

It will be sufficient to suppose that there is only a single Harnack
point of fix) with respect to g(x) to make this clear. If this point be

f"a, we should naturally define the integral f(x)dg(x) from 0 to a to
Jo

be the unique limit, supposed to exist, of the integral from 0 to a', as
a' moves up to a, together with the integral of the function which is
f(a) at the point a and zero elsewhere, taken with respect to g(x). If
g(x) is discontinuous at a, there will be a discontinuity of the integral,
so defined, at this point.

As soon, however, as we abandon the requisite of continuity, it no
longer seems inevitable that an integral should be defined only as the
unique limit of an integral over a smaller interval. Thus in the example
just given, if any convenient law suggested itself, it would be open to us

f(x)dg(x), as, n approaching
o

infinity, an approaches a according to such a convenient law. We should
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in this way get discontinuity at a, even when g {x) is continuous there.
To the objection that we should only have an integral, and not the integral,
the answer is easy: the question is not as to whether a similar process
may not lead to a different result, but as to whether a sufficiently well
defined analytical process is being defined, and the equally relevant ques-
tion as to whether the application of this process can be of service to us.

Take another instance, and consider the definition given by Harnack,
in the case in which the Harnack points form a perfect set of content zero.
The integral, supposing the Harnack conditions to be satisfied, is then the
sum of the series whose single terms are the integrals over the black in-
tervals of this set. If we suppose a less stringent set of conditions than
those of Harnack, the case would arise in which this series did not con-
verge absolutely. In this case the sum of the series would depend on the
order in which we took the intervals. If then we are able to give a well
defined law for the summation which is of service to us mathematically,
we are certainly at liberty to define the integral as the sum of the series,
obtained in this manner.

An integral, so defined, may be expected not to possess all the pro-
perties of an ordinary integral. But this is a phenomenon to which we
are accustomed. Even in the extension of the concept of number, certain
well defined properties are lost. If it is shown that a property generally
regarded as characteristic of an integral is lost in our generalisations,
this may be at most a reason for refusing the name " integration " to the
process, but not one for refusing to employ it. In the question of name
all will turn on whether the advantages in retaining it, such as the im-
portance of the properties which the retention of the name suggests as
possessed by the new concept, have sufficient weight compared with the
danger of a property which has been sacrificed being erroneously attributed
to it.

Thus in the case of the Lebesgue integrals, there seems every reason
for using the word " integrable " instead of " summable," although the
latter term has been employed by Lebesgue, to express the property of
possessing an integral in his sense; and even in the case of the Harnack
and the Denjoy integrals it seems almost pedantic to attempt to avoid
the term.

I propose in the present communication, confining myself for simplicity
to the case in which the function with respect to which we integrate is the
variable x itself, to consider certain generalisations oE the usual processes
in dealing with functions which possess Harnack points^ so that a Lebesgue
integral does not exist. The justification for these generalisations may
be said to be threefold :—
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(i) The laws defining them are well defined.

(ii) The integrals so defined possess some of the most important pro-
perties of ordinary integrals, in particular the process of integration by
parts is alloivable, and the Second Theorem of the Mean is valid.

(iii) Their consideration throws light on the properties of an important
class of discontinuous functions, and gives us a process for the calculation
of the integrals of such functions with respect to functions of bounded
variation.

This fact last mentioned enables us theoretically to calculate the
Cesaro sum of certain trigonometrical series, e.g. those formed by
multiplying term-by-term the Fourier series of such a bounded func-
tion by the coefficients of the derived series of the Fourier series of a
function of bounded variation.

It will be seen that it is precisely the non-continuity of these integrals
which renders them serviceable. On the other hand, the important pro- •
perty that the integral of a sum is the sum of the integrals, has to be
abandoned in its complete generality, though it is still true if one of the
two functions is summable, or has only a finite number of Harnack points,
or has a countable set of Harnack points, provided in the latter case the
integral is continuous, or satisfies a less stringent condition,* imposed by
the Harnack points of the other function. It should be noted however
that, in saying the theorem is not true; we only mean that, if f(x) and
g(x) possess integrals, that is, are such that our process is applicable, it
does not followthat the process is applicable tof(x)-\-g(x). It is still open
to us to use the sum of the integrals of f(x) and g(x) as an integral of
f(x)-\-g{x), and to investigate the properties of this sum-function by means
of its two components.

2. While the interest of the present communication is then partly
philosophical, it appears to me to have some bearing on fundamental
problems of functions of a real variable. But further the generalisation
of the Theorem of Integration by Parts and the Second Theorem of the
Mean obtained, include theorems with regard to Denjoy integration, and
even special cases of this process, which, as far as I know, have not yet
been proved.

From this point of view "the part of the paper relating directly to the
Theorem of Integration by Parts may be regarded as a proof of this

§ 36 below.

SER. 2. VOL. 16. NO. 1290.



178 . PROF. W. H. YOUNG [June 8,

theorem without the use of the Harnack-Moore-Denjoy* condition. The
Second Theorem of the Mean is shown to be an immediate consequence
of the Theorem of Integration by Parts, in the form which we have given
to it. It should be noticed, however, that the Theorem of the Mean has
very much diminished in importance since the introduction of integrals
with respect to functions of bounded variation. By the use of our form of
the Theorem of Integration by Parts, we can avoid the use of the Theorem
of the Mean. Moreover we gain very considerably by doing so, not only
in precision, but in brevity, and simplicity of treatment.

We are thus able to treat the case of a function which is partly an
integral and partly a function of bounded variation, as a whole, instead of
considering it separately in different intervals as, for instance, I was
obliged to do in my paper on " Multiple Fourier Series." I

3. To readers who are acquainted with Denjoy's two brief Notes I in
the Comptes Rendus (1912), the present paper will, I hope, be of use. It
contains a formal proof of the fact that the Harnack-Moore-Denjoy con-
dition is necessary in order that in all cases the integral of the sum
should be the sum of the integrals, and also that this is sufficient. On
the other hand, it shows that, if continuity of the integral alone is re-
quired, this condition is unnecessary, a much less stringent condition
being sufficient. On the other hand, if the integral is not continuous, it
may be finite everywhere, and yet have infinite discontinuities. It has
the property in any case of assuming in any interval all values between
its upper and lower bounds in that interval, being, in point of fact, the
limit of a continuous function, whose value everywhere is one of the limits
for approach from the right as well as one of the limits for approach from
the left.S

* E. H. Moore, " Concerning Harnack's Theory of Improper Definite Integrals," 1901,
Trans. Amer. Math. Soc, Vol. 2, pp. 296-330. The condition in its primitive form is given
on p. 324, and in Hobson's Theory of Functions of a Real Variable, p. 384. See below, § 37.

t Proc. London Math. Soc, Ser. 2, Vol. 11, pp. 133-184.
$ Arnaud Denjoy, "Une extension de l'integrale de M. Lebesgue," April 1st, 1912;

" Calcul de la primitive de la fonction derivee la plus gen^rale," April 22nd, 1912, Comptes
Jiendus, Vol. 145.

§ I may perhaps be permitted to conclude these introductory remarks by referring
to the fact that the considerations here exposed took their rise in ideas which I con-
ceived as early as 1910. Indeed the footnote on p. 425 of my paper " On the Condition that
a Trigonometrical Series should have the Fourier Form " (Proc. London Math. Soc, Ser. 2,
Vol. 9), originally contained a reference to the possibility of extensions of the nature of those
employed subsequently by Denjoy with such success. It did not seem justifiable to retain this
reference, as there was little prospect at the time of my being able to develop the theory. I ought,
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In the same connection it should be remarked that Moore, and the
writers who have followed him, previous to Denjoy, have made the mistake,
as it would appear to be, of requiring the Harnack condition to apply, not
only to the black intervals of the perfect nucleus, but also to those of the
complete closed Harnack set. It is in this way that Moore was led to
conclude that the sum of the integrals oif(x) and g(x) is not the integral
oif(x)+g(x). Moreover in the proof of the Theorem of Integration by
Parts for Harnack-Lebesgue Integration given by Hobson,* this con-
dition has been assumed to hold in this manner, and has been utilised,
whereas, as mentioned in the preceding article, in the present paper
this condition is not only not utilised in dealing with the countable
adherences but is not required at all, even in connection with the Harnack
nucleus.

Whereas, as I have shown, considerations connected with the Theory
of Sets of Points may, in dealing with absolutely convergent integrals, be
relegated with great advantage to the later chapters of the theory, their
almost immediate consideration in the theory of non-absolutely convergent
integrals is unavoidable. The same remark is not quite true in regard of
transfinite numbers. A knowledge of them is an advantage, but it is not
indispensable.

4. The success of the method to be employed depends on the syste-
matic use of certain auxiliary theorems. We proceed to give these first
of all.

LEMMA 1.—If u(x) is a bounded function of x, and g(x) a monotone

too, to add that in one essential point Denjoy's theory goes beyond what I had imagined:
the introduction by him, not only of Harnack points, but of points which we might with pro-
priety call Denjoy points, namely Harnack points which are such that no interval, however
small, can be drawn to enclose one of them, such that the integrals over the black intervals of
the Harnack nucleus contained in it obey the Harnack-Moore condition. To this would
correspond in the present theory the consideration of the points (the /-points of the
present paper) for which this is true of the absolute convergence of the integrals themselves
over these black intervals.

The removal of the Harnack-Moore condition in its sine qua non form, was one of the
subjects of investigation that I had in mind at the time above referred to. But it was not
till the early summer of last year that I could find the time to go into the matter. Apart
from this I had for some time the excuse for not investigating these matters that Denjoy's
two Notes had not, and has not, yet been followed by the detailed development of his theory.

* E. W. Hobson, " The Second Mean Value Theorem of the Integral Calculus," 1908,
Proc. London Math. Soc, Ser. 2, Vol. 7, pp. 14-23.

N 2
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increasing function,

and r

PROF. W. H. YOUNG

u(x)dg{x) = u(b)[g(b)-g(b-O)],

u(x) dg(x) = u(a)[g{a+0) —g{a)] .

[June 8,

Let c be a point near b on the left, and bn a point between c and hr

which, as n -*• oo, moves up to b as limiting point.
Denoting by U and L the upper and lower bounds of u(x) in the

closed interval (c, b), let us define two functions as follows:

vn(x) — u(b), when bn < x < i, and v(x) = U elsewhere ;

wn(x) = u(b), when bn < a; ^ 6, and w(x) — L elsewhere.

Then Lt wn{x) < w(ic) < Lt »n(a;),

n rb rb

Lt wn(x) dg (x) < M(a;)%(a;)<\ Lt vn(x) dg{x).
Jc n—>co Jc Jc «—>co

But, since the vn{x) and wn(«) sequences are bounded, the integral of the
limit is the limit of the integral in each case. Therefore, expressing the
integrals and taking the limits, we have

Lt \u(b) [g(b)-g(bj]+L [g(bn)-g(c)]\
>

g(x) < Lt {u(b)[g(b)-g(bn)]+U[g(bn)-g(c)]}.
n—>-oo

This is the same as the following :

dg(x) ^u(b)[g(b)-g(b-0)]+U[g(b-0)-g(c)].

Letting c^-b, we get the first of the required equations. Similarly the
second may be proved.

5. The two following theorems are required to prove that we may
employ the method in Integration by Parts for our Y integrals :—

AUXILIARY THEOREM I.—If (av bt), (a2, b%), ... are intervals, each lying
inside the succeeding, and (a, b) is the. limiting interval, and if F(x) is a
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bounded function of x such that F(an)-+F(a) and F{bn)-+F(b), when
n -> QO , then

Lt 1\g (as) F(x)T°- \K F(x) dg (x)\ = \g (x) F(x)t- f F(x) dg (x), (1)
n—>» ^ L -la,, Jan ) l_ J o Ja

where g(x) is a monotone increasing function of x.

This follows immediately from the preceding Lemma, since

\bnF(x)dg(x) = [F(x)dg(x)-\a"Ffr)dg(x)-\b F(x)dg(x).
JaH Ja Ja Jbn

AUXILIARY THEOREM II.—If F(x) is a bounded function of x, so defined
that—

(i) its increments over the black intervals (aa, bn) of a certain perfect
set form an unconditionally convergent series, and

(ii) the sum of these increments corresponding to the black intervals
in (xlt x2) has F(x2)—F(x1) for sum, whenever x1 and x.2 are points of the
perfect set;

then F(x) is continuous with respect to the perfect set, and

I -[\g(x)F(x)]K- \""F(x) dg(x)\
» = 1 IL J « B Ja.n )

converges unconditionally, and has for sum

\g{x)F{x)\ - \ F(x)dg(x),
L Ja Ja

g(x) being a monotone increasing function, and a and b the extreme left-
and right-hand points of the set.

First we remark that, since the series of increments is unconditionally
convergent, the corresponding series of moduli converges.

Now, if a; is a point of the perfect set, and x-\-h another point of the
eet, as near to x as we please, we have, by hypothesis,

F(x-\-h)—F(x) = sum of increments of F over the black intervals in

(x, x + h) ;

therefore, if h is chosen less than the length of the least of the first in
of the black intervals, when arranged in any chosen order,

\F(x+h)-F(x)\ F(bn)-F(an) \ ,
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which, since the series of moduli converges, is as small as please, when m
is chosen sufficiently large. This proves the continuity of F(x) with
respect to the perfect set.

To prove the second result required, let us find m so that the sum of
the increments, taken positively, of F(x) over the first m intervals, when
arranged in any chosen order, differs from the whole sum by less than
e/M, where M is the upper bound of g(x), supposed, for convenience,
positive and monotone increasing.

Then denoting the complementary intervals in order from left to right
by (c1; kj, (c2, k2), ..., (cs, ks), the end-points cr, kr, being in their entirety
identical with the points an, bn (n <^ m), together possibly with a and b,
are points of the perfect set. Hence the sum of the increments of F over
the complementary intervals is the sum of the increments over all but the
first m black intervals; the former sum, when its terms are all taken
positive, is therefore less than e/M. Therefore also

-e < 2 g(Jcr) {F(kr)~F(cr)\ < e.
r = l

That is

-e < 2 [g(kr) F(kr)-g(cr) F(cr)]- 2 F(cr) [g(kr)-g (cr)] < e, (1)
r = l r = l

or, what is the same thing, since the intervals (cr, kr) are complementary
to the intervals (an, bn),

)-i: [g(br)F(br)-g{ar)F(aj] •

- 2 F(cr)[g(kr)-g(cr)'] < e. (2)
r = l

But the second of the two summations which occur in (2) is

2 \krF(cr)dg(x),
r=l Jcr

using which, and the identity

\bF(x) dg{x) = 2 f"F(x) dg{x) + 2 (*" F(x) dg(x), (8)
Ja n=ljan r=ljer

we have, by (2),

-e < g(x)F(x) - F(x) dg(x) - 2 | g(x)F(x) - \ F(x)dg(x)
( L Ja Ja ) n=l (L Ja,, Jon >

- i (*' lF(cr) -F(x)] dg (x) < e. (4)
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Now 1 \K {F(cr)-F(x)\ dg{x) = P hm{x) dg(x),
= 1 Jcr jn

where hm{x) = F(c,)—F(x) in the interval (cr, kr) for each of the comple-
mentary intervals, and in the chosen TO black intervals hm{x) = 0. Thus,
if a; is a point not belonging to the perfect set, hm(x) will certainly have
the unique limit zero as m -*• oo; for at some stage x will be internal to a
chosen black interval.

On the other hand, if a; is a point of the perfect set, it will at every
stage be internal to one of the complementary intervals (cr, hr), and as
m -> oo, the end-point cr of this interval will move up to x as limit along
the perfect set.

Since therefore, as we saw, F(x) is continuous with respect to the per-
fect set, hm(x) = F(cr)—F(x) will again have zero as limit. Thus

hm{x) -> 0 at every point of (a, b). Since then I hm(x)dg(x) is a bounded
Ja

function of x, it also approaches zero as limit, when TO -> oo , since term-
by-term integration of the 7tm-sequence is allowable.

Thus, letting TO-* OO in (4), we obtain

~ f Fix) dg{,
a Ja

X)

- 2 I \g{
r = l \ I—

{x) - \K F{x) dg(x)
J

Since e is as small a positive quantity as we please, this proves that the
central member of this inequality has the value zero. But this remains
true however we rearrange the series of black intervals ; therefore the
series involved in that second member is unconditionally convergent, and
has the required expression for sum.

This proves the theorem when g(x) is positive, whence, as is at once
evident, the truth of the theorem in the general case at once follows.

6. We next have two theorems which enable us to prove that our Y-
integrals are functions of their upper limit of integration, which assume
all values between their upper and lower bounds.

AUXILIARY THEOREM III.—If F(x) is a function, whose values at a and
b are among the limits of the values of F(x) inside the interval [a, b) in
the neighbourhood respectively of a and b, and if in certain closed in-
tervals (an, j8n) (n = 1, 2, ...), inside the completely open interval {a, b),
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and expanding to (a, b) as limiting interval, F(x) assumes all values be-
tween its upper and lower bounds in (an, /3m), then F(x) also assumes all
values between its upper bounds in the closed interval (a, b).

It is evident that F(x) assumes all values between its values at any
two points inside the completely open interval (a, b); it is therefore only
necessary to show that it assumes all values between its values at any
one end-point, and its value at one internal point.

Let then alt a2, ... be such a sequence of points with a as limit that
F(a) = Lt F(an), and let X be any internal point of (a, b). Then if k

n—>oo

is any value between F(a) and F(X) (not inclusive), we can find an so that
k lies between F(an) and F(X). Therefore the value k is assumed by F(x)
at some point of the interval (aa, X).

Hence the theorem at once follows.

AUXILIARY THEOREM IV. — If, F(x) is continuous with respect to a
perfect set, and in each closed black interval of the perfect set assumes all
values between its upper and lower bounds in that black interval, then
F(x) assumes all values between its upper and lower bounds in the whole
interval considered.

For, since F(x) is continuous with respect to the perfect set, it assumes
all values between any two of its values on the perfect set. Also, if a; is a
point of the perfect set, and y a point not belonging to that set, we only
have to interpolate that end-point of the black interval in which y lies,
and which lies between x and y, to see that F(x) assumes all values in
(x, y) between F(x) and F(y). Hence the theorem follows.

7. The following lemma and theorem enable us to prove the Theorem
of the Mean for our Y-integrals very simply.

LEMMA.—If F(x) is a bounded function which assumes all values be-
tween its upper and lower bounds in any interval, and is integrable with
respect to a monotone increasing function g(x), then

(1)F(x) dg(x) - F(X) [jg(b)-

where X is some point of (a, b).
In fact, if U and L denote the upper and lower bounds of F(x) in the

closed interval (a, b),

L [_g{b)-g{a)\ = (*F{x) dg(x) = U[g(b)-g(a)l (2)
Ja
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The sign of equality can evidently only be taken in this relation if
F{x) is constant throughout {a, b), exception being made possibly of a set
of content zero. In this case the point X may be taken to be any point
of (a, b) not belonging to the exceptional set of content zero. If neither
of the two possible signs of equality hold in (2), we must have

F(x)dg(x) = M[g(b)-g(a)~],

where M lies between L and U, and is therefore a value assumed by F at
some point X of (a, b). This proves the lemma.

AUXILIARY THEOREM V.—If F(x) is a bounded function which assumes
all values between its upper and lower bounds in any interval, and is
such that F(x) is one of the limits of F(x — h) and of F(x+h) (0 •< h) as
h—>• 0, andf(x) is a function connected with F(x), by the formula for
Integration by Parts, namely,

x)dx =

(1)

- ^ F(X) dg(x),

g(x) being a monotone increasing (decreasing) function, then

\hf(x)g(x) dx = g(a) [F(X)-F(a)]+g(b) [F(b)-F(X)l

where X is some point of (a, b); and if g (x) is positive and monotone
decreasing, ,6

f(x)g(x) dx = g(a) [F(X)-F(a)] . (2)
Ja

The equation (1) results at once from the formula for Integration by
Parts, using the preceding lemma. To prove (2) we write (1) in the form

(aO g(x) dx = g(a) [F(b)-F(X)] ]• ,

and remark that, since g(x) is positive and monotone decreasing,

lies between zero and F(b)—F(X). Also

F(x)-F(X)
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assumes the value F(b)—F(X) at the point b, and, since Fix) approaches
F(X) as limit, by hypothesis, when x approaches X along a suitable
sequence of points of the interval (X, b), it is clear that F(x)—F(X)
assumes values as near zero as we please, and therefore assumes all values
between zero and F(b)—F(X). In particular, therefore, it assumes the

value ^jF(b)-F(X)~\ at some point X' of (X, b). Hence

f(x)g(x)dx = g(a)[F(X)-F(a)+F(X')-F(X)~]

=--g(a)[F(X')-F(a)].

which proves the theorem.

8. Let fix) be the function to be integrated.
First suppose f(x) to have an absolutely convergent integral (Lebesgue

integral) in the closed interval (a, b). This is then a special case of a
Y-integral.

Next suppose that this is not the case; then the closed interval (a, b)
necessarily contains Harnach points, namely, points such that no closed
sub-interval, over which f(x) is absolutely integrable, can be drawn, how-
ever small, containing such a point. These Harnack points necessarily
form a closed set, say H, the Harnack set. This closed set H may be
countable, but will in general consist of a countable set and a perfect
nucleus, and we shall proceed systematically to classify the integrals we
are going to define, according to the constitution of the set H, analysed,
as Cantor did, into its successive adherences and its nucleus. In the
present communication I do not go into all the details of this process, but
I call attention at the proper places to the new features of the present
definition.

9. When the Harnack points are finite in number, say m, the defini-
tion of the Y-integral is again familiar ; it is that which has been hitherto
adopted for the simplest case of a Harnack-Lebesgue integral. The
formula is

fix) dx = 2 Lt f(x) dx. (1)

The condition for the existence of this integral being that the Lebesgue
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S b'n

f(x)dx, which necessarily exists when a'n and b'n lie in the
same compartment bounded by Harnack points, should have a unique
limit when an -*• an and b'n -> bn in any manner.

10. If we replace the upper limit b of integration by a variable x, re-
maining in the interval (a, b) in which the requisite conditions hold, we
obtain a function

Cx

F(x) = \ f(x) dx-\-const.,
Ja

involving an arbitrary constant. This is the indefinite integral.
F(x) is, as is the case of a Lebesgue integral, a continuous function of

x, and it is easily proved to have the following four fundamental pro-
perties :—

(K) \f(x) g (x) dx exists, when g(x) is a monotone increasing (decreas-

ing) function;

(\) the Theorem of Integration by Parts holds, namely :—

f f{x) g (x) dx = [F(x)g(x)T - P F(x) dg(x);
Ja L Ja Ja

(jx) F(x) assumes all values between its upper and lower bounds in any
closed interval (a <; x ^ b), and F{x) is one of the limits of F(x+h) and
F(x — h), (0 < h), as h -> 0 ;

(v) the Second Theorem of the Mean holds in its two familiar forms,
namely,

rb rx rb

f{x)g{x)dx = g(a)\ f(x)dx+g{b)\ f(x)dx,
Ja Ja Jx

where g(x) is a monotone increasing {decreasing) function, and x is some
point of {a, b), and

n rx
f{x)g(x)dx = g(a) f{x)dx,

Ja Ja

when g(x) is monotone decreasing.

Indeed (fi) is well known to be true for any continuous function, and,
by our Auxiliary Theorem V, the last property (J/) holds for any function
having the first three properties. Also it is evident that the Harnack
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points of the function f(x) g(x) are included among those of f(x), so that
(K) will hold, provided the condition as to the uniqueness of the limit of

f(x)g{x)dx is satisfied under the same conditions as that of
J«,'n

\'f{x)dx.

Since the Theorem of Integration by Parts holds for Lebesgue integrals,

f" f(x)g(x)dx = [F(x)g(x)~tH- {""F(x)dg(x).

Now, by our assumption as to the uniqueness of the limit of
f6;.
I f{x)dx, the conditions of our Auxiliary Theorem (1) are satisfied.

K
Therefore also f{x)g{x)dx has a unique limit, which proves (K), and
this limit is expressed by the right-hand side of the equation for Integra-
tion by Parts, which also proves the property (X). Thus our Y-integral
has, as stated, the four fundamental properties.

11. Next suppose the Harnack set to he such that its first derived
set H' consists of a finite number in of points.

Now (an, bn) will denote any one of the compartments determined by
the m points, and a'n, 6» will have the same meaning as before. There-
fore, in {a'n, b'n), there is only a finite number of Harnack points ; hence
f(x) has a F-integral of the type already discussed in {a'n, b'n), supposing
the requisite condition satisfied.

In may be that in (an, bn) itself there is only a finite number of
Harnack points, in which case the F-integral of f(x) over {an, bn) is
already defined.

Again, it may be that one or other of the end-points aH or bn is not a
limiting point of the Harnack points, so that that point may be taken to
replace the variable limit of integration having it for limiting point.

In general, however, an and bn are limiting points of Harnack points
in the interval between them, and instead of making the same assumption
as before, we may make the less stringent assumption that, when the
variable points a'n and b'n move along the Harnack set to their limiting

(X,
points an and bu, the integral has a unique limit.

•'«»

We have here departed from tradition. In the definition of a Harnack-
Lebesgue integral, the uniqueness of the limit for all modes of approach
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to the limiting point has always been hypothecated. But our assumption
is sufficient to give us a perfectly determinate definition of the integral of
/ (x)—including the corresponding Harnack-Lebesgue integrals as a special
case—and to show that it will still have the four fundamental properties.

The definition of the Y-integral of f(x) will in this case be given by
the following formula :—

f(x)dx= 2 *Lt \b"f(x)dx,
n = l (a'n—>an ; hf

n—>h ) Ja'H

(2)

where the asterisk before the limit denotes that the approach is in
accordance with the analysis of the Harnack set in the corresponding
interval, as just explained, the approach being along isolated points of
the Harnack set, unless no such mode of approach exists. In this latter
case the variable point {e.g., a'n) may be at once replaced by its limiting
point (here an).

The integrals on the right in this formula are Y-integrals of the
Harnack-Lebesgue type, with a finite number of Harnack points.

12. This is the definite Y-integral, and leads as before to the indefinite
Y-integral

In any one of the intervals (a'n, b'n), F(x) possesses the four properties
(K), (X), (ft), and (v), by § 7.

Hence, by the definition already given of a Y-integral, I f(x)g(x)dx
rb'n J "

will exist if we show that f(x)g(x)dx, which we know exists, has a
Ja,',

unique limit under the same conditions as I f(x) dx, for each value of n.
J<

But this is an immediate consequence of the Auxiliary Theorem 1, pro-
vided F(x) is a bounded function of x. This disposes of the properties
(K) and (X).

F(x) is not necessarily any longer a continuous function, but, by the
definition, it is still one of the limits of F(x + h), as h-*-0. Moreover,
by the Auxiliary Theorem III, F(x) assumes in each of the closed intervals
(an, bn) every value between two of its values, since this is true in each of
the intervals (a'n, b'n); hence F(x) also assumes all values between its
upper and lower bounds in (a, b). Thus F(x) has the property (ji).
Therefore, using the Auxiliary Theorem V, F(x), if a bounded function of
x, possesses the four properties (K), (X), (/JL), and (v).
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13. The preceding articles suffice, together with the principle of
ordinary induction, to explain the definition of a Y-integral, and to show
that an indefinite Y-integral F(x) has the four properties (*), (A), On), and
(v), provided it is a bounded function of x, whenever one of the derived
sets of the Harnack set consists of a finite number of points only. The
only point to emphasize is that, the condition for the existence of the
F-integral in an interval having one of the Harnack points for end-point,
only involves the existence of a unique limit for the integral at points in
the neighbourhood, when those points belong to the preceding derived
set; only in those cases in which, in the interval, in question, the Harnack
points do not approach the end-point under consideration, do we need the
limit to be unique for all possible modes of approach. On each side of
each point the appropriate condition is completely determined by the
analysis of the Harnack set.

14. No fresh point is introduced into the discussion of the 7-integral
in the case when all the derived sets exist, and the first deduced set con-
sists of m points; indeed in this case (an, bn) denoting any one of the com-
partments so determined, and (a'n, b'n) any interval inside this compartment,
the y-integral in (a'n, b'n) is defined by our previous conventions, supposing
the required conditions to be satisfied. The convention we make as to

the unicity of the limit of f(x)dx is again indicated by the analysis of
•k.

the Harnack set.
If in this compartment (an, bn), the points an and bn are not limiting

points of all the derived sets, the limiting process is superfluous, a'n may
be at once replaced by an and b'n by bn. In the contrary case we suppose
that I f{x)dx has a unique limit, when a'n and b'n move up to an and bu

•K
respectively along Harnack points of which one at least—and therefore
an infinite number—belongs to each of the derived sets.

The integral is again given by the formula (2), interpreted in accord-
ance with the contents of the present article. Our previous arguments
then show that the indefinite integral F(x) still possesses the four funda-
mental properties.

15. From this point on, no new principle is introduced, as long as we are
dealing with a countable set of Harnack points. By Cantor induction we
pass from case to case. The formula (2) still holds, (an, bn) denoting
always one of the compartments into which (a, b) is divided by the m points
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which constitute the last of the derived and deduced sets. By the well
known theory of closed countable sets, such a final set always exists ; if
it is the derived set of another of the derived and deduced sets, the starred
limit denotes that the variable point moves along the penultimate set; if
this is not the case, the variable point is supposed to move along Harnack
points, one at least from each of the sets anterior to the final set, these
sets being, by the theory, known to be countable in their entirety.

Thus by a finite or countably infinite set of conventions, we define the
Y-integral of any function f{x), having in (a, b) only a countable set of
Harnack points.

16. We pass now to the general case, when the Harnack points form
a non-countable closed set. By the Theorem of Cantor-Bendixson, we
analyse the Harnack set into a countable set and its perfect nucleus. In
any one of the closed black intervals (an, bn) of the Harnack nucleus Hx,
the Y-integral is defined by our conventions already made, since the
Harnack points in (an, bn) are countable. The new conventions which we
make are two in number:—

(1)
«=1 ian

x) dx is an unconditionally convergent series;

(2) f(x) is summable over the perfect set Hi?.

We then define the Y-integral by the formula

\ f{x)dx — \ f(x)dx+ 2 \"f(x)dx. (S)

In particular, if f(x) is zero at all the' points of the Harnack nucleus,
excepting a sub-set of content zero,

f(x)dx = 2 f(x)dx.
Ja n=l Jo,,

(3fl)

17. We can now prove that our Y-integrals still have the four funda-
mental properties.

Indeed, in each black interval (an, bn) the properties (K) and (X) hold.
Hence it is sufficient to prove that

2 \\g(x) F(x)T- f" F(x) dg(x)
n—l VL Ja;i Ja,,
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—which is accordingly the same as 2 I f(x)g(x)dx and converges
JV=1 Ja,,

unconditionally—to prove the existence of the Y-integral oif(x)g{x) from
a to b.

Also the property (X) will follow, if the sum of this unconditionally
convergent series is shown to be

\g(x)F(x)l-\bF(x)dg(x).
L- -la Ja

Now in the case of the formula (3a), this is an immediate consequence of
the Auxiliary Theorem II. Hence, in the general case, formula (8) may
be written

F(x) = I" f(x)dx = ^ fl{x)dx+\Xf%{x) dx = F
Ja Ja Ja

) , (4)

where the first integral is a Lebesgue integral, and the second, being a
Y-integral of the type (Ba), is such that

[ f2(x)dg(x) = [g(x)F2(x)~]b- f F%{x) dg(x).
a L Jo Ja

Since, therefore, by the theory of Lebesgue integrals, a similar equation
holds for fx (x), by addition we get a similar equation for f(x). Thus in
the general case of formula (3), our Y-integral has again the properties
(K) and (X).

18. It is clear that F(x), defined by (3), is continuous with respect to
the Harnach nucleus; for, by the Auxiliary Theorem II, F3(x) is so, while
Ft(x) is a continuous function of x; hence, by (4), F(x) is so. Thus, by
the Auxiliary Theorem IV, F(x) assumes all values between its upper and
lower bounds. Thus our Y-integrals still have the property (/x).

Hence also, by Theorem V, they have all the four fundamental pro-
perties (K), (X), (p.), and (c).

19. Next suppose that f(x) is not summable over the Harnack nucleus.
Then we analyse this latter set precisely as hitherto we have analysed the
fundamental interval (a, b). Supposing intervals to exist in which f(x) is
summable over the Harnack nucleus, the conventions already made suffice
to determine the Y-integral of f(x) in these, or to convince us that a Y-
integral does not exist. We direct our attention then primarily to the
remaining points, which are such that f(x) is not summable over the part
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of the Harnack nucleus in any interval containing any of them, or having
one of them for end-point.

Let the set of these points of non-summability be denoted by -HJV-S,

and let the process of passing from the Harnack set H to the set SV-s be
called for brevity the non-summability process performed on H; it is the
same process which, performed on the fundamental segment, leads to the
Harnack set. The set HN-s is again a closed set.

We notice that the process of non-summability applied to H, or any of
its derived and deduced sets, leads to the same set H^s, since any
Harnack point in the neighbourhood of which the Harnack set is count-
able, or even of zero content, will be eliminated by the non-summability
process.

We now apply the processes of non-summability and deduction, as
formerly those of derivation and deduction, and obtain after a countable
aggregate of closed sets have been passed over, a final set (not the null-
set), contained in all the others. To this set we then apply the processes of
derivation and deduction and so arrive at a smallest set, which may be called
the Nucleolus of Non-Summability, and denoted by HN^sy It may be
a finite set, or a perfect set of content zero, or else, since the processes of
derivation and non-summability applied to it must lead to itself, or to the
null-set, it must be a perfect set which is throughout of positive content,*
and such that, with respect to it, f(x) is summable, or is totally non-
summable, that is to say, there is no interval containing a point of the set,
such that f(x) is summable with respect to the sub-set in that interval.

For example, we may suppose that the process of non-summability
applied to Hss leads to a newt set, and applied to this leads again to a
new set, and so on ad infinitum. The process of deduction then leads
necessarily to a fresh set, which may be the Harnack nucleolus, and com-
pletes the aggregate of sets ; this is, of course, one of the simpler types of
such aggregates.

20. Let (an, h,t) denote any black interval of the set HN^S- Then, in
(an, bn), either there is only a countable set of Harnack points, in which

case I f(x) dx has been already defined, or else in any closed interval
Jan

{a'n, bl) contained in the completely open interval (an, bn), the Harnack
set includes none of its points of non-summability, and consists therefore,

* That is, a set such that in every interval containing one of its points, there is a sub-set
of the set of positive content.

t I.e., a set not identical with the former.

SKR. 2. VOL. 16. NO. 1291. O
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apart from points not belonging to the Harnack nucleus, of a sub-set of
(A'

the latter with respect to which f(x) is summable. Thus I f(x)dx is

determined by our previous conventions. We shall then, as before,

assume that I f(x)dx approaches a unique limit, when u'n and b'n move
Ja'u

up to an and hn respectively, along appropriate sequences. These
sequences will be any contained in the Harnack nucleus ; if no such
sequences exist, the moving point may be replaced by its limiting point
in the integral whose limit is under consideration.

21. If then the set Hn-s consists of m points, the integral may be
denned by the formula (2) of § 11,

i b m I b'

f(x)dx = 2 *Lt ' Hx)dx.
a n = l « - > « „ ; b£-+tu) Ja'H

(2)

The integral under the sign of summation on the right is now a
Y-integral of the most general type hitherto defined, and the approach
indicated by the asterisk is along the Harnack nucleus, unless no such
mode of approach exists, in which case the moving end-point of the range
of integration may be replaced at once by its limiting point in the
formula.

In this case ffy..s is itself the Nucleolus of Non-Summability, and we
may specify the intervals (an, bn) in the formula (2) to be the black in-
tervals of this nucleolus. In this form the formula is valid for the more
complicated cases which may arise, always supposing the Nucleolus of
Non-Summability to consist of m points, and the Y-integrals on the right
to have been denned by previous conventions. Thus in particular we have
the definition when the repetition any finite number of times of the
process of non-summability leads to a finite number of points only, the
asterisk referring in each case to the preceding set, or when, after an
infinite number of such applications, the process of deduction leads to a
finite set, the asterisk then referring to all the sets, without omitting any
one.

22. When, on the other hand, HN-S consists of a perfect set with
respect to which f(x) is summable, the definition is given by the formula

(x)dx = \ f(x)dx+I, *Lt [Kf(x)dx,

supposing the series on the right to converge unconditionally.

(5
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The asterisk denotes approach along the preceding set, that is HN,
unless no such mode exists, in which case as usual the limiting point may
be at once substituted for the point approaching it.

This formula is included in the more general one

(6)\f(x)dx = \ f(x)dx+2, *Lt \f{x)dx,
Jo Jtfy(.y-,s) («;-*•«„;a;,-*6* J <

which is valid whenever the Nucleolus of Non-Summability is perfect,
supposing the integrals on the right already denned by previous conven-
tions, and the series to converge unconditionally.

Thus by recurrence and Cantor induction we have the definition when
the Nucleolus of Non-Snmmability is the first, second, ... set obtained by
the repeated application of the process of non-summability, or any of the
subsequent sets of our aggregate, always supposing that the necessary
condition of the preceding article is fulfilled, so that we are not baffled by
the appearance of a set with respect to which f(x) is totally non-summable,
and that at every stage the series obtained converge unconditionally. In
all other cases which may arise in this way we have the definition of the
Y-integral.

23. "We have not yet exhausted all the possible cases in which f(x) has
a Y-integral. We have hitherto hypothecated that the series of integrals
obtained at the various stages, as described above, should converge un-
conditionally. In many instances, however, a less stringent hypothesis
is adequate.

The first stage at which this condition came into force was marked by
our arrival at the Harnack nucleus HN. In the black intervals of Ha the
integrals oif(x) were defined by our former conventions, and we then re-
quired the condition of unconditional convergence of these integrals, so as
to form the Y-integral, if f(x) was summable over HN.

We may express the non-fulfilment of the condition of unconditional
convergence, or J-condition, as I shall for brevity call it, by saying that
one at least of the points of the Harnack nucleus is such that no in-
terval, whose end-points are points of the Harnack nucleus, can be
drawn surrounding it, in which the /-condition is satisfied, i.e. the
integrals of f(x) over the black intervals of HN in it form an uncon-
ditionally convergent series. I shall call such a point a /-point of the
Harnack nucleus, and the sub-set of all such points the / sub-set of HN ;
it is evideutly a closed sub-set.

We can now analyse the perfect set H^ by the J-process, and the
o 2
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process of deduction, precisely as before, the /-process taking the place of
the non-summability process. As before, therefore, after a countable set
of stages, we are bound to arrive at a final set, the J-nucleolus, which is
either a finite set, or a perfect set. In the latter case it must either con-
sist entirely of /-points, in which case there is no Y-integral, or it must
contain no /-points, since the /-process leads to no fresh set; when this
occurs we are able to define the Y-integral, supposing f(x) summable over
the Harnack nucleus.

The formulae are precisely the same as before. Denoting the / sub-
set of Hy by HJN, the integral of f(x) over any interval inside a black
interval of HJX is defined by our former conventions, provided the end-
points of the interval belong to H^- Hence, supposing the limit of this
integral unique, as it expands to the black interval as limiting interval,
the integral oif(x) over the black interval itself is obtained by means of
a starred limit. Over HJN our function is summable, since it was supposed
summable over the Harnack nucleus; therefore if HJN has itself no
/-points, we have the integral defined by the usual formula, namely,

\f(x)dx—\ f(x)dx+I,\"f(x)dx, (7)
Ja JHJN Jan

where \" f(x) dx = *Lt \ f{x)dx, (8)
Jan («,',—*•<*„; vn—>h") •'"«

(an, bn) being any black inierval of the /-nucleolus, so that there is a finite
number of values of n, if HJ!f is a finite set, and, if HJN is a perfect set,
the series is unconditionally convergent.

It is unnecessary to explain further. These formulae are perfectly
general, and the discussion is precisely the same as before, following our
new analysis in place of that formerly used. All the perfect sets which
occur, being sub-sets of the Harnack nucleus, are such that fix) is
summable over them, and in their black intervals the integral is already
defined by the conventions already made. At the final stage the formulae
for the integral are the formulae (7) and (8), HJN denoting now the

-/-nucleolus.

24. If however f(x) is not summable over the Harnack nucleus HN,
the preceding article gives us the integral of f(x) over any interval whose
end-points are points of HN, inside a black interval of the set HN_s. If
therefore/(x) is summable over HN_S, we can again define the integral,
by the process of the preceding article. If f(x) is not summable over
HN-S, we proceed a stage further, and so on. Ultimately, supposing the
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requisite condition satisfied at each stage, we arrive at the Nucleolus of
Non-Surnmability, and, if f(x) is summable over it, our whole process
comes to an end. Thus in all cases in a countable number of stages we
arrive at the final formula of the type (7) and (8), unless toe detect (i) an
interval in which the starred limit process does not lead to a unique re-
sult, or (ii) a perfect set with respect to which f{x) is totally non-summable,
or (iii) a perfect set consisting entirely of J-points.

In all cases the form of the definition being the same, and the in-
tegrals involved being supposed already defined, we have the same argu-
ments as in the earliest stages. Thus the properties (K), (A), (M), and (v)
remains always valid, and are proved by our Auxiliary Theorems.

25. We have seen that the Y-integral F(x) has the properties, united
under the heading (ju.) in the preceding discussion, of assuming all values
between its upper and lower bounds, and being one of the limits of its
values on each side. I have proved* elsewhere that either of these pro-
perties is the consequence of the other, when the function concerned is
the limit of a continuous function, and it naturally suggests itself that
F(x) may itself be such a function. This is, in fact, the case, as we may
prove in the following manner.

In the first place we see that F(x) is continuous at any point which is
not a Harnack point. For in this case there is a nearest Harnack point
on the left of the point x, since the Harnack points form a closed set. If
X denote the halfway point between x and this Harnack point, we have
from the definition „

F(x)-F(X) = f(x)dx,
Jx

where the integral on the right, being a Lebesgue integral, is continuous,
and thus F(x) is continuous at the point x.

Hence if the Harnack points are countable, Baire's condition, which
amounts to this, that in every perfect set there must be a point at which
F(x) is continuous with respect to the perfect set, is satisfied. Thus in
this case certainly F(x) is the limit of a continuous function.

Again, if the Harnack points are not countable, but the conditions as
to summability and unconditional convergence with respect to the Harnack
nucleus are satisfied, F{x) is, as we saw in § 18, continuous with respect
to the Harnack nucleus. If G is any other perfect set, there must be a
point P of G not belonging to HN, therefore also there is an interval dP

* "A Theorem in the Theory of Functions of a Real Variable," 1907, -Bend. Pal.,
Vol. xxiv, pp. 187-192.
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containing no point of HN, but containing P, and therefore also contain-
ing a perfect sub-set of G. In dP there is therefore certainly a point of
G which is not a Harnack point, since the Harnack points in dP can form
at most a countable set. At this point of G the Y-integral is, as we saw,
continuous, and therefore a fortiori continuous with respect to the per-
fect set G. Thus again Baire's condition is satisfied, which shows that
the F-integral is the limit of a continuous function.

The general result can be proved by Cantor induction. Our
T-integral determines, by definition, a countable set of closed sets, all
sub-sets of the Harnack set, following one another in a certain order,
such that there is a last set, contained in all the preceding, which either
consists of a finite number of points, or of a perfect set with respect to
which f(x) is summable, and therefore F{x) continuous.

If x is any point not belonging to this final set, it is either not a
Harnack point afc all, and therefore F(x) is continuous there, or it does

' not belong to some one of the preceding sets, and we may assume, in
order to complete our induction, that the theorem being true for that set,
F(x) is continuous there, or finally it belongs to all the preceding sets,
though not to the final set itself. In this last case, the final set is not
obtained by deduction from all the preceding sets, since it does not con-
tain our point. Therefore it is obtained by one of the other processes
employed, derivation, non-summability or the /-process, from a definite
preceding set, to which, accordingly, our point x belongs, or else F(x) is
continuous there. But if x belongs to the preceding set, it follows from
the processes mentioned that there is an interval containing x and con-
taining no point of the final set, in which F(x) belongs to a lower type of
integral, and therefore is supposed known to be the limit of a continuous
function.

Thus if G is any perfect set, not contained in the final set, and
therefore containing a point P not belonging to the final set, there will be
an interval dP containing P, and therefore containing a perfect sub-set
of G, in which F(x) is the limit of a continuous function. There is
accordingly a point of G at which F(x) is continuous with respect to G:
thus again Baire's condition is satisfied. This proves that in all cases
our Y-integral F{x) is the limit of a continuous function.

26. We have now seen that the Y-integral function F(x) is the limit
of a continuous function, and has, in common with a differential co-
efficient, the properties of assuming all values between its upper and
lower "bounds, and being one of its limits on both sides. When discon-
tinuous, its discontinuities are therefore all of the second kind.
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The following is a simple example of a discontinuous Y-integral.

Ex. 1.—Let f(x) = ll(bn-an) [am<x< 1K+W] ,

and f(x) =—llibn—an) [J(an+bn) < x < bn],

for each integer n, (alf bj, (a2, 62), ... being the black intervals of a per-
fect set G, of content zero. At the points of G,fix) may have any values
we please.

In this case \ fix) dx is zero for all integers n. Hence
Ja,,

r
Jo

fix) dx = 0.

The Harnack points are all the points of the perfect set G, but the
integral is a Y-integral, not a Harnack-Lebesgue or Denjoy integral. In
fact, Fix) is not a continuous function.

At any point of the perfect set, Fix) is zero, and is therefore con-
tinuous with respect to that set. But at the middle point of any black
interval Fix) = £ ; hence at any point of the perfect set which is not an
end-point of a black interval

Fix) = 0, Fix+0) = h Fix+0) = 0, Fix-0) = 0, -O) = - i .

At the end-points of the black intervals we have a similar discontinuity
on the side away from the black interval. Throughout the closed black
intervals Fix) is continuous.

Thus the discontinuities of Fix) coincide with the Harnack points and
form the perfect set G.

27. The following is an example of a simple Y-integral which is con-
tinuous, without being a Harnack-Lebesgue or Denjoy integral.

Ex. 2.—Let

and

fix) = l/mibn—an) [an

fix) = - llmibn-an) l^ia n) bn)]

•where ialt bj, (a2, b2), ... are the black intervals of Cantor's Typical
Ternary Set, arranged in order of magnitude, those intervals which are
of the same length being arranged so that those to the left precede those
on the right, and m denoting the index of the power of J which expresses
the length of the interval (o», bn) ; thus for n = 1, m = 1; for » = 2 or 3,
m = 2 ; for n = 4, 5, 6, or 7, m — 3, &c.

Then, as before, JF(a;) = 0 at all points of the perfect set. At the
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middle point of (an, bn) we have F(x) = 1/m, and between the middle
point and either end-point of (an, 6J, F{x) is monotone and continuous.

Hence in approaching any point X of the perfect set, we shall obtain
the greatest limit by moving from one middle point to another of the
black intervals. In doing this the integer n, and therefore also m, will
increase indefinitely : therefore F(x) will even in this case approach zero.
Thus F(x) is continuous also at the points of the perfect set, and is a con-
tinuous function.

But the integral F(x) is not a Harnack-Lebesgue or Denjoy integral.

For, if Wn denote the upper bound of f{x)dx, when x is any point

whatever of (an, bn), Harnack and his followers, E. H. Moore, and others,
demand the convergence of the series "2W,n, and Denjoy demands that, in
every interval containing a point of the perfect set, we should be able to
find an interval containing a point of the set, such that 2TF» taken over
the black intervals in that interval should converge; this condition
Denjoy expresses by saying that the points of the perfect set in the
neighbourhood of which 2Wn diverges must be dense nowhere on the
perfect set.

That 'EWn is a divergent series is evident, which shows that the
integral is not a Harnack-Lebesgue integral.

To see that Denjoy's modification of the condition does not hold, we
remark that if x is any point of the perfect set, and dx any interval con-
taining x as internal point, we can determine an integer r, such that the
distance of x from the nearer end-point of dx is greater than S~r. Hence
dx will certainly contain two consecutive divisions, when the whole seg-
ment (0, 1) is divided into S'+1 equal parts. In one of these, by the con-
struction of Cantor's Typical Ternary Set, the sub-set is similar to the
whole perfect set, so that the values of m which are connected with the
black intervals in dx will include all integers from and after a certain
value. Therefore 2TFB corresponding to dx is certainly divergent.

Thus Denjoy's condition is not satisfied, for, in the neighbourhood of
every point of Cantor's perfect set, ~LWn diverges.

28. We notice that, in "the preceding example, Wn approaches zero as
unique limit when n -> oo . This is, in fact, the only condition required
to ensure the continuity of a bounded F-integral, where the integrand is
summable with respect to the Harnack nucleus, provided the condition
represented by the starred limit (§ 9 seq.) is satisfied when we remove the
asterisk. The corresponding conditions in the general case are exactly
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similar ; such conditions must apply at all stages in order that our formula
may define a continuous function.

It is evidently necessary that the condition represented by the
asterisk should hold when we remove the asterisk, and this not merely
•when the interval considered is one which occurs in our formula, but for
any interval whatever. In other words, if F{x) is a continuous Y-integral,
and (a, /3) any interval,

\Pf(x)dx = Lt f f(x)dx,
Ja K—>a; P'->(3) Jot'

where a' and /3' are points inside (a, /3), which approach their limiting
points in any manner 'whatever.

On the other hand, if G is any perfect set, with respect to which f(x)
is summable, and supposing the series of integrals over the black intervals
unconditionally convergent, we have, denoting by (an, bn) the typical
black interval of G,

\ f (x) dx = [\ f{x) dx + 2 1" f(x) dxT,
Ja' Ufl Jan -la

the symbol ••• denoting that we only regard the interval {a, x) and

behave as if outside this interval f{x) were zero.

Hence

F(x+h)-F(x) = [+hf(x)dx = ["[ f(x)dx + T, ["" f(x)dxT+\
Jx LJG Jan Jx

The first term inside the bracket on the right is as small as we please, h

being sufficiently small, since f(x) dx is a Lebesgue integral. The sum
Je

of the integrals over whole intervals (aa, bn) is also as small as we please,
since the series of integrals over the black intervals is unconditionally
convergent. If therefore x and x + h are both points of G, the right-hand
side is as small as we please. Thus F(x) is continuous with respect to
the perfect set G.

If, however, one or both of the points x and x-\-h are not points of G,
there will be one or two terms left over. Supposing x + h alone not to
belong to G, and an the left-hand end-point of the black interval in which
x+h lies, the term ' ,x+h

\ f(x)dx
Ja,,

will remain over if h > 0; and similarly, if h < 0, an integral will re-
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main over whose limits of integration lie in the same black interval, the
length of which is as small as we please when h is sufficiently small.

Denoting by Wn, as in the preceding article, the upper bound of the

absolute value of I f{x) dx, when a'n and b'n lie in (an, bn), let us suppose

that, for an infinite series of integers n, Wn is greater than e.
Let a; be a limiting point of the corresponding intervals (an, bn); then

# is a point of G and, however small H may be, there will be one of these
intervals (an, bn) in the interval (x, x-\-H), for positive or negative JET.
Hence in such an interval (an, bn) there will be two points dn = x-^-^
and b'n = x-{-h2, for which the terms left over, above referred to, differ
by at least e. Approaching x along the sequence a'n we must therefore
get a limit differing by at least e from any limit obtainable along the
sequence b'n. Thus F{x-\-h)—F(x) could not have in both cases the
unique limit zero. This shows that at such a point x the integral F(x)
is discontinuous.

Thus we see that, if F(x) is continuous, Wn must have the unique
limit zero, for every perfect set over which f(x) is summable, and with
respect to whose black intervals the condition of absolute convergence is
satisfied.

29. Conversely this condition, with the former one (the suppression of
the asterisk), are sufficient to ensure the continuity of F(x), supposed
bounded. This can be proved by induction.

For, if (a, /3) denote any black interval of any of the countable aggre-
gate of sub-sets of Harnack points used in defining the integral, and an

and fin any two points in the completely open interval (a, /3), which
as n -> QO approach a and /3 respectively, we have by definition

f{x)dx = Lt
Ja n—*x

the asterisk having been suppressed.
Suppose that F(x) is known to be continuous at every point of the

completely open interval (a, /3). Then we have also

f(x)dx= Lt \'*f(x)dx.
a' n—>co Ja'n

Hence, subtracting,

F(a!)—F(a) - Lt [^f(x)dx- Lt ¥* f(x)dx.
71—>oo Ja'H n—>w Jan
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Now we can choose a' so near a, and a'n so near a', that a'n is as near
as we please to a, and therefore the first integral on the right differs

from 1 f(x)dx by as little as we please. The second integral on the right
Ja

has I f(x)dx as limit. Hence, a' being sufficiently near to a, F (a)—F (a)
J a

is numerically as small as we please. Thus F {x) is continuous at the
point a, and similarly it is continuous at B.

But F(x) is known to be continuous at every point of a completely
open black interval of the Harnack set; thus it is continuous throughout
each such closed black interval. Hence it is continuous at every point of
a completely open black interval of the first derived set H', and therefore
throughout each closed black interval of H', and so on. In each black
interval of each of the derived and deduced sets of the Harnack set, F(x)
is therefore continuous. In particular this is true in each closed black
interval of the Harnack nucleus.

80. Let us then assume that G is the final set of the aggregate of
defining sets, and is a perfect set, and that F(x) is known to be continuous
in its closed black intervals. We have seen that this is true when G is
the Harnack nucleus.

Then, if a; is a point of G, we have as before (§ 25)

F(x + h) -F{x) = [~[ f(x)dx+H f " f(x)dxl+ ,
LjG Ja,v Jx

showing, as we already remarked, that, if x-\-h is a point of the perfect
set which moves up to x as limit, F(x-\-h)—F(x) has the unique limit
zero. If, however, x-\-h is a point not belonging to G, we have as in
§ 25 an extra term to consider, which is not one of the terms of the un-
conditionally convergent series of integrals over the black intervals of G.

rx+h
This extra term is of the form \ f(x)dx, where x+k is that one of the

Jx+fc

end-points of the black interval in which x+h lies, which falls between x
and x-\-h. Since, as h->0, the index n of this black interval must in-
crease indefinitely, in order that the interval itself may become as small
as we please, our extra term, being numerically ^ Wn, has zero as limit.
Thus when this condition is satisfied, F(x) is continuous at every point of
G, and therefore continuous throughout the interval considered.

Thus F(x) is continuous, provided the Harnack nucleus is the final
set; or, when this is not the case, F(x) is continuous in every black
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interval of Hs-s, provided the condition Wn -> 0 holds for the Harnack
nucleus.

Hence, by continued induction, the continuity of F(x) is in all cases
apparent.

Thus, summing up, we may say that the necessary and sufficient con-
ditions that a bounded Y-integral F (x) should be a continuous function
of x, are

(i) That in the formula defining the integral the asterisks may all be

suppressed, so that, when 1 f(x) is defined as the unique limit of I f{x) dx,
Jo. Jo,',

where a'n and ^'n are points of (an, /3n) which, as n -> oo, move up to a and
/3, the points al and f3'n are not constrained by any other condition ; and

(ii) If G is the final set of the defining aggregate in the whole interval
(a, b), or in any one of the black intervals (an, bn) of any one of the sets
of the defining aggregate, and Wn denotes the upper bound of the modulus
of the Y-integral of f{x) in any interval inside the n-th black interval of
G (supposed arranged in any manner), then Wn -> 0, when n ->• oo .

It may be noticed that these conditions, like the conditions for the
existence of the Y-integral, are countable in number, the black intervals of
all the sets of the denning aggregate forming a countable set. At the
same time our investigation shows that when F(x) is continuous the con-
dition (ii) is equally true when Gis any perfect set, with respect to which
f(x) is summable, and such that the increments of F(x) over its black in-
tervals form an unconditionally convergent series.

31. The preceding investigation shows that we may divide up
F-integrals into four different classes, each of which is supposed to con-
tain the succeeding classes :—

(a) those which have infinite discontinuities ;

(b) those which are bounded without being necessarily continuous;

(c) those which are continuous;

(d) those which possess the Harnack-Moore-Denjoy property, and are
accordingly also continuous.

The class (c) is characterised by the conditions given in the preceding
article, and the class (d) by the same conditions, together with the addi-
tional conditions that ~2Wn always converges; these additional conditions
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of course, render the explicit enunciation of the condition (ii) of § 30
superfluous.

As Moore has virtually shown, the condition that 2TF» should COn-

verge is precisely equivalent to the requirement that 2 f{x)dx

should have a unique triple limit, as n -> oo , e -> 0, e' -> 0.

82. Examples have already been given of Y-integrals of the classes
(b) and (c). The following is an example of one belonging to class (a).

Ex. 3.—Let

and

fix) = nl(bn—an) \_an < « < £ ( « » + W ] ,

fix) = — nibn—an) [i(an+K) < x < &„],

where (aly b,), (a2, 62), ... are the black intervals of a perfect set G of
content zero.

Here F{x) is zero at all the points of the perfect set G, and in each
closed black interval of G is continuous, indeed between each end-point
of a black interval and the middle point it is linear, and has the
value ^nian-\-bn)Hbn—an) at the middle point of (an, bn).

Thus at each point of G it has an infinite discontinuity, on both sides,
or on one side, according as the point is not, or is, an end-point of a black
interval. At each point x of G which is not an end-point of a black
interval, we have

F(.r + 0 ) = + ao, Fix + 0) = 0, Fix — O)=O, F{x — 0) = — oo,

and the same relations hold for an end-point of a black interval on the
side opposed to the black interval.

33. We now turn to the sum theorem, which asserts that, if fx(x) and
f., (x) are two functions, the integral of their sum is the sum of their in-
tegrals, and ask when this theorem holds, the integrals of fxix) and /2(a;)
being Y-integrals ?

Let h(x)=Mx)+Mx).

Then, if both functions are summable, h{x) is also summable, and the
sum theorem holds.

Hence we easily see that it always is true if one of the functions, say
fiix), is summable. For, if d! is any interval in which the sum theorem
holds, that is

I h(x)dx = \ ^(aOefa-M
Jd' JtV Jd'

(1)
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and we let the interval d' expand in any way to d as limit, the second

integral on the right, being continuous, will have /2(x)dx as unique
Jd

limit. Hence, if the first integral on the right also has a unique limit, so

will h(x)dx, and the latter limit will be the sum of fl(x)dx and
Jd' Jd

f2(x)dx, if the expansion is such that the first integral on the right has

fl{x)dx as limit.

Hence the sum theorem holds when / has only a finite number of
Harnack points, and, by induction, when any of the derived or deduced
sets of the Harnack set Gx of fx consists of a finite number of points.
Thus, when fx{x) has only a countable set of Harnack points, and f2(x) is
sum/triable, the sum theorem holds.

By the same argument it holds in any black interval dn of the Harnack
nucleus of fi(x), so that

h(x)dx=\ f1(x)dx+\ f2(x)dx.
Jd,, Jd,, Jd/

(2)

But if dn denote any interval in which (2) holds, and we let dn describe
any non-overlapping set of intervals, the second integral on the right will
generate an unconditionally convei'gent series, therefore if the first integral
on the right does so also, so will the integral on the left. If then the
intervals du are the black intervals of any perfect set E over which fx (x)
is summable, h(x) is also summable over E, and

h(x)dx = Aixjdx+l /2(x)dx,
JE JE JE

(3)

whence

h{x)dx-\- 2 h(x)dx
JE n=l Jd,,

= f f1(x)dx+ £ f Mx)dx+\ f2(x)dx+ 2 ( Mx)dx.
JE n = ljdn JE »=1 J j ,

This shows that, if/x(x) is summable with respect to its Harnack nucleus,
and its integrals over the black intervals of that set form an uncondition-
ally convergent series, the same is true for h{x), and, by definition, we get,



1916.] ON NON-ABSOLUTELY CONVERGENT INTEGRALS. 207

by the equation just written down,

T h(x)dx = [Mx) dx + \bf2(x)dx,
Ja la Ja

so ihat the sum theorem is true.
Hence, by induction, the sum-theorem holds in all cases, provided f2{x)

is a summable function.

84. Similarly the sum theorem holds when one of the functions, say

f2(x), has only a finite number of Harnack points. For, in this case,

is still continuous, so that the argument of the preceding article

still holds when the Harnack points of fx{x) are countable.
On the other hand, when the Harnack set Gt of f^x) is more than

countable, the equation (2) still holds for any black interval of the Harnack
nucleus of fi(x), which is also the Harnack nucleus of h(x), since the
Harnack points of /a(a:), being only finite in number, disappear from the
Harnack set of h(x) at the first derivation. Hence the subsequent analysis
is the same as in the preceding article.

85. When however both functions have an infinite number of Harnack
points, it is clear that the sum-theorem does not hold without some re-
striction.

Suppose, for instance, ft(x) had the points f, £, ..., 2~n, ... for
Harnack points, and f2(x) had J, J, ..., 3~™, ... for Harnack points.

Then, unless 1 fx{x)dx had a unique limit when the lower limit of

integration passes along the combined sequence formed by both sets

of Harnack points, and the same is true for I f^dx, it is evident
Jx

that the sum theorem could not hold, since our definition of the Y-integral
of h(x), which, by (2), is equal to the sum of the Y-integrals of f± and / 2

in every interval (x, 1), when x passes along the combined sequence, de-
mands the uniqueness of both these limits.

If therefore f^x) is such that the sum-theorem holds for it in combi-
nation with EVERY other function having a Y-integral, it is clearly
necessary that the definition of its Y-integral should involve no starred
limits.*

* This is Denjoy's condition (2).
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This condition is, however, not sufficient. Even the more stringent
demand that the Y-integrals should be continuous is not sufficient for this
purpose, as will be shown by an example (§ 37).

86. If both the functions f± (x) a,ndf2(x) have an infinite set of Harnack
points, we have seen that we must necessarily require that the asterisks
in the formulae defining their integrals should be taken to apply to the
set G formed by their Harnack sets G1 and G>

Conversely, if this condition holds, h(x) will satisfy the condition (i) of
§ 24 for any interval (a, b) in which h(x) has an integral given by the
sum-theorem. The condition (ii) is in any case satisfied. For if E is any
perfect set, fx (x) is not totally non-summable with respect to it ; therefore
there is an interval dit containing points of E, such that/t (a:) is summable
over E in dt. Since f$(x) is not totally non-summable with respect to
this sub-set of E, there is an interval d2 inside d1 containing points of E,
such that/2(a;), as well as/^x), is summable over E in d2. Therefore also
h (x) is summable over E in d2. Thus h{x) is not totally non-summable
with respect to E, so that h(x) satisfies the condition (ii) of § 24.

Thus it only remains to investigate the condition (iii) of § 24. This
condition, however, only enters if one of the two functions has a more
than countable set of Harnack points. Thus we see at once that the sum
theorem holds for any two functions with countable sets of Harnack
points, provided the condition regarding the asterisks is satisfied.

But we can make the same assertion ivhatever one of the functions
may be, provided the other has only a countable Harnack set. For in
any black interval of the Harnack nucleus of the former function, say
fi(x), the sum theorem holds, by what has just been pointed out, since
both functions have only countable sets of Harnack points in such an in-
terval. Let then E denote this Harnack nucleus, or any other perfect set
in whose black intervals the sum-theorem holds. The points of E which
are Harnack points for the second function form a countable closed set,
and if x be any other point of E, we can find an interval with x as internal
point, containing none of these Harnack points. In this interval f2(x) is
accordingly summable. Hence the sum of the integrals of f^(x) over the
black intervals of E in the interval is unconditionally convergent. Since
then over the black intervals of the sets to be considered the integrals of
fi(x) form an unconditionally convergent series, the same is true of the
sum of the integrals of f^x) and/2(x), and therefore also of the integrals
of h(x). Thus all the points of E are not / points for h(x). This proves,,
by induction, that the condition (ii) is satisfied, so that h(x) possesses a
Y-integral, and that this integral is given by the sum-theorem.
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hi particular if f\{x) andf2(x) both have continuous Y-integrals, and
one of them possesses only a countable set of Harnack points, their sum
fi(x)-\-f2(x) has also a continuous Y-integral, and it is equal to the sum
of their Y-integrals.

37. The following example shows that mere continuity of the Y-integrals
is not sufficient to ensure the truth of the sum-theorem. At the same time
it gives us a function h (x) which does not possess a Y-integral.

Ex. 4.—Let f{x) be the function defined in Ex. 2 (§ 27), having a con-
tinuous Y-integral. Denoting the middle point of the interval (an, bn) by
cn, so that

cn = i(bn+an),
let g(x) be defined in each interval (cn, bn) by the same rule as f(x) was
defined in (0, 1), and be zero elsewhere. The Harnack points of g{x) con-
sist then of Cantor's typical ternary set, and a set similar to that set in
each of the right-hand halves of its black intervals. The content of this
whole set is therefore again zero, and in each of the black intervals of this
set the integral of g (x) is zero ; therefore

cb n

g(x)dx = f(x)dx = 0.
Ja Ja

Here again g(x) has a continuous Y-integral. But, writing

h(x)=f(x)+g(x),

the Harnack points of h(x) are the same as those of g(x). The black in-
tervals of this Harnack set consist partly of the intervals (an, cn), such that

I h(x)dx = \ llm(bn—an)dx = l/2m,
Jau Ja,,

and partly of intervals which we may denote by (<»„,„ /3»,s), such that

f/3,, , rjo,, ,+«„,)
h(x)dx= ' ' l-l/m(bn-an) + llr(l3n>s-att,s)]dx

[—llm(bn—an) — l/rO8», s—a,,iS)]dx
-U

[

= — (fin, s—a,,, s)/m(bn—an)

where r depends on s by the same rule as m on n.
SER. 2. VOL. 16. NO. 1292.
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Thus the integrals of h(x) over the black intervals of its Harnack
points form a conditionally convergent series, whose terms are of the two
forms l/2m and —l/2wi.3r, there being, for each integer m, 2"1"1 terms
equal to l/2m, and, for each ensemble of the two integers (TO, r), 2m+r~2

terms equal to —l/2m.3r.
Moreover, as in § 27, there is no interval containing as internal point

one of the Harnack points of h(x), in which these integrals form an un-
conditionally convergent series. Thus h(x) has no Y-integral.

38. Next suppose that both the functions fx{x) and f2(x) have a more
than countable set of Harnack points, G± and G2 respectively, G being the
set consisting of (?! and G2 together, and let us suppose the necessary
condition respecting the asterisks to be satisfied. Then, as we have seen,
we only need to consider the convergence of the series of integrals which
occur. If then the nuclei of Gi and G2 are identical, the sum-theorem
holds. For if E be any of the perfect sets which occur, it is a sub-set of
the common Harnack nucleus, so that we can assign an interval d, con-
taining points of the perfect set E, in which both

' f1(x
Ji'n

f6")dx and 2 1 f2(x)dx
J

converge unconditionally. Hence, supposing the sum-theorem to hold in

the black intervals (an, bn) of the perfect set E, 2 \ h{x)dx also con-
J u „

verges unconditionally in the interval d. This proves that h (x) has not a
J-point at every point of E, so that the condition (ii) of § 24 is satisfied.
Thus h{x) possesses a Y-integral, and by induction the sum-theorem holds,
since, by our preceding results, it holds in the black intervals of the
common Harnack nucleus.

Thus the sum-theorem holds whenever the two functions have the same
Harnack nucleus, provided they satisfy the condition respecting the
asterisks; in particular this will be the case if their integrals are con-
tinuous.

39. In general when the Harnack sets Gx and G2 of the two functions
ji(x) and/2(a;) are both more than countable, the nuclei of these two sets
will not coincide, and will form together the nucleus of the set G, consist-
ing itself of Gx and G2 together. Assuming that the condition of § 35
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respecting the asterisks is satisfied, we shall, as we saw, only have to
examine the various perfect sets which occur in the analysis of the set G
with reference to the function

h(x) = f1(x)+f2(x).

The sum-theorem holding, as we have seen, in the black intervals of
the nucleus of G, the discussion will proceed stage by stage, exactly
parallel to that given in discussing the existence of the Y-integral, the
conditions (i) and (ii) of § 24, being, as we saw satisfied. It follows that
the only condition required to ensure the truth of the sum-theorem is that
corresponding to (iii). This condition is that there should he no perfect
subset of G consisting entirely of J points for f±(x) orf2{x).

To state this more at length, let E be any perfect sub-set of G, and
E1 the common part of E and Gv Then we know that the integrals of
fx{x) over the black intervals of any perfect sub-set of Ex converge un-
conditionally in some interval containing a point of Ex; the same is true
of Ex itself, if it is perfect. But the existence of the integral of fx involves
no condition of this kind with regard to the integrals of fx over the black
intervals of E. Our condition is equivalent to assuming that there is
some interval containing any point of E, in which these integrals converge
unconditionally.

In particular this will be the case if the Harnack-Moore condition is
satisfied, which demands that 2 Wn should converge, where Wn is the
upper bound of the modulus of the integral of fi(x) over any interval in-
side the n-th black interval of the set E, when these are arranged in any
chosen order, E being any perfect set whatever. Less restrictedly it will
be also the case if the same is true when E is any perfect sub-set of G.
Denjoy's condition that, whatever perfect set E may be, there is some in-
terval containing points of E in which 2 Wn converges, is similarly suffi-
cient for the truth of the sum-theorem.

Conversely, it is evident that, if we refuse to relax the demand that
the sum of two functions having integrals is to have an integral, given by
the sum of their integrals, we are bound to restrict the term integral to
Denjoy integrals. For, if f(x) is a function not satisfying Denjoy's con-
dition, there must be some perfect set E, such that in every interval con-
taining a point of the set the series Wn does not converge. Let {alt bj,
<aa, 62), ... be the black intervals of E, then, by the meaning of Wn, there
is inside each interval (an, bn) an interval (a'n, b'H), such that

TF.-2- < f(x)dx < Wn+2~\
p 2
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f(x)dx is then also divergent. Hence, if we

attempt to apply the sum-theorem to f(x), and a function g(x) having the
points a'n, b'n) for all integers n, among the points of its Harnack nucleus,
we are stopped by the fact that the condition of the present article is not
fulfilled.

40. Having now defined the most general F-integrals and discussed
some of their properties, we pass to the application of them to the theory
of trigonometrical series. We have first the following theorem:—

THEOREM.—Iffix) possesses a bounded Y-integral Fix), then the in-
tegrated series of the Fourier series of f{x), where the term Fourier series
is used in the usual sense, except that Y-integrals take the place of
ordinary integrals in the expressions for the coefficients of the series, is
the Fourier series of the bounded function F(x), and accordingly con-
verges to F(x), when summed in the Cesaro manner, at all points not
belonging to at most a certain set of content zero.

In fact, if iraT = j f{x) cos rx dx,
Jo

then applying the formula for integration by parts,

irar\r = — \ F(x) d(cos rx)/r+ F(x) (cos rx)/r
Jo L -lo

F{x) sin rx dx — \F(x) - %aox~\ sin rx dx.
o Jo

Similarly, ivbr\r = I f(x) sin rxdxjr — — \ Fix) cos rxdx •
Jo Jo
f2ir

= \ [F{x)—\aQx~\ cos rxdx.
Jo

CO

Thus Fix)—\aQx ~ C + 2 iar sin rx—br cos rx)/r,

where C is a constant, depending on the particular indefinite integral
Fix) chosen.

COR.—If a trigonometrical series is the Fourier series of a function
fix) possessing a bounded Y-integral, it is the derived series of the Fourier
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series of a bounded function <p{x). This function <f>(x) is, to a linear
additive term pres, the Y-integral of f{x).

41. We shall require the following theorem :—

THEOREM.—If f{x) has a continuous Y-integral, and gn{x) is a bounded
monotone decreasing {increasing) function of x which converges as n -*• co
to a bounded function g{x), necessarily monotone, then

n rb

Lt f{x)gn{x)dx = \ f{x)g{x)dx.
n—><x> Ja Ja

First let the interval {a, b) be such that in any interval {a', b') con-
tained in it, whose end-points are different from a or b, the theorem is
true. In the first instance we may suppose that, in each such interval
(a', b'), f{x) has a Lebesgue integral. Then, by the known properties of
a Lebesgue integral, the theorem is true in {a', b').

Since f{x) has a Y-integral,
a a'

rv rb

\ f{x)dx-* \ f{x)dx,
Ja' Ja

when a' moves up to a and b' to b in an appropriate manner. Since
F{x) is continuous, we can find a' so near a, and b' so near b, that if Xx is
any point between a and a', and X2 between b' and b,

rxx rb

— e< f{x)dx^e, — e<

and therefore, by the Second Theorem of the Mean, supposing the func-
tions gn{x) monotone decreasing,

—egn (a) < f{x) gn (a) cfa < egn {a),
Ja

—egn{b') < j * f(x)gn{x)dx < egn{b').and

Hence

rv
f f(x)gn{x)dx-e[gn{a)+gn{b')']^, [*'f{x)gn{x)dx
}x, Ja

\ f{x)gn{x)dx+e[gn{a)+gn(b')].
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Now let X2 move up to b: then the middle member becomes in the limit

f{x)gn{x)dx, and the extreme members of this inequality are unaltered.f
But in the interval (Xlt b') the theorem holds, and therefore, letting

n -*• oo, the extremes approach as unique limits the two quantities

f(x)g(x)dx±e[g(fl)+g(jb%
JXi

The central member has one or more limits, denoted by

Lit f(x)gn(x)dx,
n—> QO J a

(i)

(ii)

which are independent of the positions of Xx and b'. If therefore we now
let X1 move up to a and V to b, these latter (ii) remain unaltered, and the
extremes (i) in our inequality become

f(x)g(x)dx ±e[g(a)+g(b-O)],

rb
and differ accordingly from another, and from f(x)g(x)dx, by a quantity

Ja
which is as small as we please. It follows that the limits (ii) must all
coincide, and we get finally

rb n

Lt f{x)gn(x)dx=\ f(x)g(x)dx,
n—>co Ja Ja

which proves the theorem in this case, when g (x) is monotone decreasing
and bounded. Hence by induction the theorem is true for any interval in
which the Harnack points form a countable set.

If therefore, as usual, (ar, br) denote the typical black interval of the
rb

Harnack nucleus corresponding to the Y-integral I f(x)dx in the general
case, we have

m nr m rb,.

2 Lt f(x)gn(x)dx= 2 f(x)g(x)dx.
r=\ n—^oo Jar r=l Jnr

Let <pm(x) denote the function which is equal to f(x) in these m black
intervals and is zero elsewhere : then the last equation becomes

Lt <t>m(x) gn(x)dx ~ <j>m{x)g{x)dx.
n—ym Ja J«

(iii)
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Now, since by hypothesis Fix) is continuous, we can, having pre-
assigned a positive quantity e, determine d so that the oscillation of Fix)
in an interval of length less than d is less than e; we can then determine
m so large, that all black intervals > d are among the chosen m black
intervals. Also since the Y-integral exists, we know that the increments
of F(x) over the black intervals form an absolutely convergent series whose
sum is F(b) ; thus we may also choose m so large that the sum of the in-
crements of F(x) over the non-chosen intervals is numerically less than e.

Let us now denote by \^m 0*0 the function which is equal to zero in the
chosen intervals and equal to/0c) elsewhere, so that

fix) = <f>mix)+\f'mix). (iv)

Then, by the Second Theorem of the Mean, supposing again gn(x) to be
monotone decreasing

\ ip-mix) gn(x) dx — gn(a) \ \^mi

where X is a point of the closed interval (a, b). But the integral of \Jsm(x)
between a and any point of the perfect set P, is, by the definition of the
integrand, the sum of the increments of F(x) over the non-chosen intervals
in the interval of integration, and is therefore numerically less than e. If
therefore X is a point of the set P, the first term on the right of the last
equation is numerically less than \gn{a)\ e. But if X is not a point of the
set P, it is internal to one of the black intervals; if this is one of the
chosen intervals, \Jsm(x) is zero in it, and we have the same result as if X
were the right-hand end-point of this black interval; thus in this case we
have the same result. If finally X is internal to one of the non-chosen
intervals, the increment of Fix) from X to the right-hand end-point of
that black interval is, since that interval is less than d, not greater than
e; and this is also the integral of ^»(a;) from X to the right-hand end-

point of the black interval. Adding this to I ^mix)dx, we get, therefore,

again a quantity less thane ; therefore I \frm(x)dx < 2e. Thus, in all

cases, the first term on the right of the last equation is numerically less
than 2e|gf»(a)|. Similarly the second term is numerically less than
2e\gAb)\. Thus, finally,

(v)
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Proceeding to the limit with n, we have therefore

Lt f irn(x)gu(x
Ja

)dx

[June 8,

(vi)

But, in the argument by which we obtained the relation (v), gn (x) might
be replaced by any other bounded monotone decreasing function, in
particular by g(x), provided g(x) is bounded. Thus

\ y}rm{x)g{x)dx <2e[|<7(a)| + \g{b)\~\:
Ja

Now, by (iv),

n n
Lt f{x)gn(x)dx—\ f(x)g{x)dx

n n
Lt <pm(x)gH{x)dx—\ <pm(x)g(x)dx

n—*<c Ja Ja

n rb

+ Lt \jrm{x)gn{x)dx—\ yjsm(x) g (x) dx
n—* oo Ja Ja

(vii)

by (iii), (vi), and (vii). Since this last quantity is as small as we please,
the left-hand side of the inequality must be zero, that is

Lt f(x)gn(x)dx= f(x)g(x)dx,
n—^co Ja Jo,

which proves the theorem in the general case, provided gn(x) and g(x) are
bounded and monotone decreasing.

Changing the signs of gn(x) and g(x), therefore, this also proves the
theorem when these functions are monotone increasing. Thus the
theorem is true.

COR.—If F(x) be a continuous Y-integral, and gn{x) is a bounded
monotone decreasing {increasing) function of x which converges to a
bounded monotone function g{x) as n-* <x>, then

(* F(x)dgn(x)->[F(x)dg(x).
Ja Ja

This follows, at once from our theorem, using integration by parts.
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42. The preceding theorem may be applied to prove the following:—

THEOREM.—If f(x) possesses a continuous Y-integral, and g(x) is a
function of bounded variation, then the integral of the product f(x) gix),
taken between any two limits, is equal to the Cesaro sum of the series ob-
tained by integrating term-by-term the product of g{x) and the Fourier
series of f(x), provided only that, if the length of the integral of integra-
tion exceeds 2TT, f(x) is a periodic function tcith period 2TT.

In fact, we know that

u) duTi. 1 (V / i \ r= Lt j : — \g (u+x)—g (x—
n-+x 2mr J0

L!/ y

= Lt G(x, n)
n—>w

= Lt Gx(x, n)— Lt Ga(x, n),

where, as w-^-oo, the functions Gi(x, n) and G2(x, n) trace out two
sequences of monotone functions of x, and the left-hand side is equal to
g (x), except at a set of content zero.

Hence, by the theorem of § 41, we have

T f(x)g(x)dx— Lt r f(x)G(x,n)dx.
J — 7T * n—>«O J — 7T

The argument is precisely the same as in the proof of Theorem 4, § 9, of
my paper " On the Integration of Fourier Series " (Proc. London Math.
Soc, Ser. 2, Vol. 9, p. 458, 1910).

COR.—In the enunciation of the theorem, we may replace the Fourier
series of f{x) by the Fourier series of g(x), and multiply it by fix), pro-
vided we require g{x) to be periodic instead of f{x), in the case of an in-
terval of integration greater than 2TT.

In fact, in proving the theorem we have really proved the corollary
first.

48. The preceding theorem may be even more simply proved as
follows:—

Since F(x), the Y-integral oif(x), is a continuous function, its Fourier
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series converges to F(x) boundedly, and even uniformly, when summed in
the Cesaro manner, except possibly at the ends of the interval of integra-
tion. We may then integrate term-by-term with respect to g(x). By
means of the theorem of integration by parts, the required result will
then follow.

COR. 2.—The theorem is still true if F(x) has only a countable set of
discontinuities, provided only that F(x) is bounded.

The Cesaro summations of the Fourier series of F(x) will still converge
uniformly to F(x), except at a countable set.




